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Abstract 
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1 Introduction 



The connected holonomy groups of Riemannian manifolds are well understood and 
there are a lot of results and methods for construction of Riemannian metrics with 
special holonomy (cf. [15]). Contrary to that, the classification of holonomy groups 
for indefinite metrics is a longtime and widely open problem, since the existence of 
indecomposable but non-irreducible holonomy representations makes the classification 
difficult. Recently, the classification of the connected holonomy groups of Lorentzian 
manifolds was achieved. L. Berard-Bergery and A. Ikemakhen described the structure 
of weakly-irreducible, non- irreducible subgroups of the Lorentz group (cf. [7] or [11]). 
Th. Leistner ([18], [19]) was able to classify all Lorentzian Berger algebras, which is 
the essential part in the classification of connected Lorentzian holonomy groups, and 
he realized part of them as holonomy algebras. A. Galaev ([12]) gave local analytic 
Lorentzian metrics for all of these Berger algebras, including that of the still missing 
coupled types, thereby completing the classification of connected Lorentzian holonomy 
groups. The next task in this line is the construction of global geometric models with 
special Lorentzian holonomy. 

There is a class of manifolds that is very suitable for purposes of field theories, mathe- 
matical physics etc: the class of globally hyperbolic manifolds, which can be seen as a 
Lorentzian analog to complete manifolds in Riemannian geometry. The construction of 
analytic manifolds in [12] of course yields immediately the existence of globally hyper- 
bolic metrics for these holonomies as the holonomy of an analytic manifold equals its 
local holonomy, and in each analytic Lorentzian manifold every point has a globally hy- 
perbolic neighborhood. But we can sharpen the requirements a bit and try to construct 
globally hyperbolic manifolds with complete Cauchy surface which property clearly is not 
shared by the examples constructed by the method described above. A class of glob- 
ally hyperbolic manifolds with even stronger completeness conditions (which imply e.g. 
strong statements about the long-time existence of Lorentzian minimal surfaces, cf. 
[20]) is the one of bbc manifolds which will be defined in section 2. Therefore we ask 
for bbc manifolds with special holonomy. In this article we give a construction method 
which yields such manifolds using an idea of Ch. Bar, P. Gauduchon and A. Moroianu 
([1]), who constructed parallel spinors on generalized cylinders out of Codazzi spinors. 
We explore this method for the Lorentzian situation in detail, describe the structure 
of all Riemannian manifolds with imaginary Codazzi spinors to an invertible Codazzi 
tensor as well as the causal and holonomy properties of the Lorentzian cylinder defined 
by the Codazzi tensor (which will be a bbc manifold). 

In section 2 we start with basic properties of Lorentzian cylinders by which we mean 
a Lorentzian manifold (a, b) x M with a metric g of the form g = —dt 2 + gt, where gt 
is a smooth family of Riemannian metrics on M. In 2.1 we give a criterion for global 
hyperbolicity of a Lorentzian cylinder. In 2.2 we describe basics of Lorentzian spin 
geometry in order to fix our conventions and notations for the rest of the paper. In 2.3 
we consider special Lorentzian cylinders that are constructed out of Codazzi spinors on 
the Riemannian base (M,go). A spinor field ip on (M,go) is called imaginary Codazzi 
spinor if 

V%(p = iA(X) • tp 

for all vector fields X, where A is a Codazzi tensor on (M, <7o)> which is then uniquely 
determined by the spinor ip. As in [1] we prove, that <p induces a parallel spinor <p on 
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the Lorentzian cylinder (C := (a, b) x M , g := —dt 2 + (1 — 2tA)*go) and analyze the 
causal type of the associated Dirac current on C. In section 3 we draw our attention 
to the case of invertible Codazzi tensors. In 3.1 we prove that an imaginary Codazzi 
spinor with invertible Codazzi tensor A to the metric go corresponds to an imaginary 
Killing spinor for the metric A* go. Applying the classification result for manifolds with 
imaginary Killing spinors we obtain the structure result for manifolds admitting imag- 
inary Codazzi spinors with invertible Codazzi tensor A. Any such complete manifold 
is isometric to 

M = RxF, go = (A- 1 )*(d S 2 + e- As g F ) (*) 

where (F, gp) is a complete Riemannian manifold with parallel spinors and A~ 1 is a 
Codazzi tensor on the warped product R x e -2 S F (Theorem 1). In 3.2 we analyze 
the existence of Codazzi tensors on warped products and reduce it to the question of 
existence of Codazzi tensors on (F,gp). This leads to a construction method for Rie- 
mannian manifolds with imaginary Codazzi spinors. Any (n — l)-dimensional Rieman- 
nian manifold (F,gp) with parallel spinors and Codazzi tensor T which has eigenvalues 
uniormally bounded from below gives rise to a Codazzi tensor H on the warped product 
(M = R x F, g wp = ds 2 + e~ 4s gp) with eigenvalues bounded away from zero. Hence on 
(M,go = H*g wp ) there are Codazzi spinors and on the cylinder (C,gc) with 

C = C[F;H} = (a,b) x M = (a,b) xRx F 
g c = -dt 2 + g t = -dt 2 + (H-2tl)*g wp 

parallel spinors by the construction explained above. In 3.3 we study the causal type 
and the holonomy of this cylinder. In Theorem 2 we prove that C[F;H] is globally 
hyperbolic if (F,gp) is complete. Furthermore, we show that C[F;H] is flat if and 
only if (F, gp) is flat. Note, that the holonomy group of a simply connected Lorentzian 
manifold C acts irreducible if and only if it is isomorphic to SOo{T x C). Since we 
have a parallel spinor on the cylinder C[F; H] which defines a nontrivial parallel vector 
field by its Dirac current, C[F;H] can not be irreducible. Hence the cylinder C[F;H] 
is either weakly irreducible, meaning that the holonomy representation has no non- 
degenerate invariant subspace (but a degenerate one) or C[F;H] is decomposable t.m. 
it is (locally) the product of a Lorentzian and a Riemannian manifold. In fact, C[F; H] 
is a Brinkman space, t.m. it admits a nowhere vanishing parallel light-like vector field. 
In Theorem 3 we prove that C[F;H] is decomposable if (F,gp) contains a flat factor. 
If (F,gp) is (locally) the Riemannian product of irreducible (non-flat) manifolds, then 
C[F; H] is weakly irreducible and the connected component of the holonomy group of 
C[F; H] is isomorphic to 

Hol°{F,g F ) xR™- 1 . 

This gives a construction method for globally hyperbolic (and even bbc) manifolds with 
complete Cauch hypersurfaces for every weakly-irreducible, non-irreducible Lorentzian 
holonomy representation with a fixed spinor. In section 4 we finish the paper by study- 
ing examples of Riemannian manifolds with parallel spinors and Codazzi tensors which 
are the building blocks of our construction. 
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2 Lorentzian cylinders 



2.1 Definition and causal properties 

Definition: A Lorentzian cylinder is a product manifold C = (a,b) x M with a 
Lorentzian metric of the form g = —dt 2 © gt where gt is a smooth family of Rieman- 
nian metrics on M parametrized over the interval (a, b), where — oo < a < < b < +oo. 

We want to link this notion to the notion of bbc manifolds as described in [20]: 
Definition: A Lorentzian manifold (C, g) is said to be bbc iff 

(C,g) = (Ix M,g(p) = -f(p)dt 2 (Bg t ), 

where / is a smooth positive function on C which is bounded on every {t} x M, and 
g t is a family of complete Riemannian metrics on M, and with the additional property 
that the eigenvalues of gt o g^ 1 are uniformally bounded for all t. 

Examples: If gt is a compact perturbation (e.g. described by pullback by a symmetric 
endomorphism which is the identity outside of a compactum on every {t} x M) of a 
fixed complete Riemannian metric for all values of t, then for any bounded /, (M x 
M, —fdt 2 ®gt) is bbc. On the contrary, any open proper subset of the Minkowski space 
is not bbc as it does not contain any complete spacelike hypersurface. 

Proposition 1 ([20]) The t = constant hypersurfaces of a bbc manifold are Cauchy 
hyper surf aces. In particular, bbc manifolds are globally hyperbolic. 

We start with the causality properties of a cylinder. For that, let A t denote the con- 
necting endomorphism between g t and go'- 

9t = A^go = g (Af, A t -). 

Proposition 2 Let (C,g) = ((a,b) xM,g = —dt 2 ®g t ) be a Lorentzian cylinder. Then 
(C, g) is strongly causal. If in addition the metric go is complete and the eigenvalues 
of (At)^ 1 are uniformally bounded on M for every t £ (a,b), then (C,g) is globally 
hyperbolic. If in addition to both previous assumptions the eigenvalues of A t o A^ are 
uniformally bounded on every {t} x M , then (C, g) is bbc. 

Proof. The function f(t, x) = t is obviously a time function on (C,g), since it is strictly 
increasing along any future directed causal curve. Therefore, the Lorentzian cylinder 
is stably causal, which implies strong causality (cf. [6], chapt. 3). 
Now assume additionally that the metric go is complete and that for every t 6 (a, b) 
there exists a constant q 6 M + such that all eigenvalues of A^ 1 are uniformally bounded 
by ct < +oo. We want to prove global hyperbolicity of C. Following [6], p. 65, knowing 
that we have strong causality for C, we have to show that the intersection N := 
J + {yo) !~! J~(yi) °f the causal future J + {yo) an d the causal past J~(yi) is compact 
for all points yo = (To, go) and y\ = (Ti,</i) of C. For that, let {x n } be a sequence 
of points in N. Then x n = (t n ,p n ), where t n £ [Tq,Ti\. Hence {t n } has a convergent 
subsequence. So, we may assume that {t n } converges to t* G [Tq,Ti]. Now, let j n (s) = 
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(t(s), 5 n (s)) : [0, 1] — ► N be a future directed causal curve in N from yo to x n . Then 
by the assumption on A t 

c\K( s )\\go < \K( s )\\g t(s) < t'(s) 

for a constant c > 0. It follows that the length of 5 n with respect to the metric go is 
bounded by R = ^(Ti — To). Hence, all points p n lie in the go-geodesic ball B 9o (qo,R) 
of radius R around qo. Since go is complete, this ball is relatively compact, so {p n } has 
a convergent subsequence. This proves that N is compact. 

The bbc property follows directly from the definition as / = 1 and g t = A^go is complete 
by the assumption on the eigenvalues of A^ 1 before. This completes the proof. □ 

2.2 Spinors on Lorentzian cylinders 

In this section we describe spinors on a Lorentzian cylinder. For convenience of the 
reader we first recall some basic facts about Lorentzian spin geometry, thereby fixing 
our notations. For details we refer to [2] and [1]. 

Let (R 1,n ,r)) be the (n + l)-dimensional Minkowski space with the inner product 

rj(x, y) = -x y + xiyi + x 2 yi H h x n y n , 

where x = (xo, x±, . . . , x n ), y = (yo, yi, . . . , y n ) . We fix the standard isometric embed- 
ding of the Euclidian space (M n , e) into the Minkowski space 

i: (M n ,e) — > (IR 1 '™, rj) 
x i — > (0, x) 

with the timelike normal vector eo = (1, 0, . . . , 0). 

We denote by Cl n := Cliff (R n ,e) and Cl hn := Cliff(R 1 ' n ,ri) the Clifford algebras of 
the Euclidian space and the Minkowski space, respectively. Since the complex linear 
map 

0: (C n ,e c ) — ► Cliff{£^ n ,rf) 
x i — > ieo • x 

satisfies 

P(x)-(3(x) = -e c (x,x)-l, 
(5 induces an isomorphism of the complexified Clifford algebras 

T : Cll — ► (Cll n f. 

Now, let us consider the usual Spin-representation of C7i >n on the spinor modul Ai n 

Pl,n '■ Ch jn ► GL(Ai >n ) 

and let denote by 

its positive and negative parts in case of odd n. 

If n is even, we consider the action of the Clifford algebra Cl n on the space Ai n given 
by 

k:=Pi,„ot: Cl n — > (Cl^f — > GL(A 1>n ) 

x i — > ieo • x i — ► pi, n (i eo • x) , i£R" 
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which is a realization of the unique irreducible complex representation of Cl n . Let us 
denote by A n the Spm(n)-representation 

A n := (Ai ;n , K\spin{n))- (1) 

Then as Spin(n)-representations A n and (Ai in , pi, n \spin(n)) are isomorphic and the 
Clifford product under this isomorphism is identified by 

x * u G A„ i — ► i eo • x • u G Ai jTl x G M n , it G A n , (2) 

where x*u := k(x)u denotes the Clifford product on A n and x * u : — pi,n 

(x)u denotes 

the Clifford product on Ai jn . 

If n is odd, the actions of Cl n on A^ n given by 

K ±:=p± n o T : Cl n (C7°J C GL(A± n ) 

x i — ► ien • x i — ► Pin^ e o ' x ) i x G ^ n 

realize the two non-equivalent irreducible complex representations of Cl n . 
We denote by A n and A n the S'pm(n)-representations 

A n == (Aj n ,K + | Spin(n) ) 

A n := (Ai, n ,K~\spin(n)) (3) 

The Spm(n)-representations (A n , k + ) and (A+ n , pf n ) and the Spin(n)-representations 
(A n , k~) and (Aj~ n ,p7/ n ) are isomorphic, whereby the Clifford product is identified by 

x-ku := n + {x)u G A n i — > i eo • x • u G A^ n x G R n , u G A n , (4) 
x * f := k_ G A n i — ► i eo • x • v G Aj" n x G R n , w G A n . (5) 

Furthermore, the linear isomorphism 

A n = A+ n — A n = A M 
u i — ► u := eo • u 

is an isomorphism of the Spm(re)-representations and the Clifford product on A n and 
A n satisfies 

x*u=-x*u, x G R ra , it G A n = A^ ra . (6) 

On the Lorentzian spinor modul Ai >n we have two hermitian products (•, -)i and (•, -)o 
which are related by 

(u,v)i = (e • u,v) , «,»eV (7) 

The inner product (•, -)i is Spinn(l, n)-invariant and the Clifford product x« is sym- 
metric for all vectors x G R 1,n . The inner product (•, -}o is Spin (n) -invariant and the 
Clifford product x-k is skew-symmetric for all vectors x G W 1 . 

Now, let (M, <7o) De a n-dimensional Riemannian manifold and let (C = (a, 6) x M, g = 
—dt 2 + gt) be a Lorentzian cylinder over (M, go). In the following we denote by v the 
timelike unit normal field on C given by 

d 
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Now, let us assume that (M,go) is a spin manifold with the SO(n)-frame bundle Pm, 
the spin structure (Qm, /m) arid the corresponding spinor bundles 

Sm '■= Qm ><Spin(n) 

Sm ■= Qm ><spin{n) A n if n is odd . 

The spin structure (Qm, /m) induces a spin structure on the Lorentzian cylinder (C,g) 
in a canonical way. To explain that, consider j x (t) := (t, x) which is a timelike geodesic 
through (0, x) and let us denote by 

< : T(o, x )({°} x M) ► T {ttX) ({t} x M) 

the parallel displacement in (C, 5) along 73. with respect to the Levi-Civita connection 
of g and by it : C — ► M the projection 7r(t,x) = x. Then the 50(n)-principal bundle 

P := {(v(t,x),T* x (si),...,T* /x (s n ))\ x £ M, (si,...,s n ) positively 

oriented ON-basis in (T X M, (<7o)x)| 

is a SO (n)-reduction of the S*Oo(l, n)-principal bundle Pc of oriented and time-oriented 
frames on (C,g) with tt*Pm — P- Therefore the SOq(1, n)-frame bundle of (C,g) can 
be described as 

P C =K*(PMX S 0(n) SO (l,n)) 
and the following pair (Qc, fc) is a spin structure of (C,g) 

Qc ■= vt*(<5m Xs P in(n) Spin (l,n)) 

fc- Qc — » 

[9, A] — [/ M ( 9 ),A(A)] 

where A : S*pmo(l,n) — ► 50o(l,n) denotes the usual 2-fold covering. 

Using (1) and (3) we obtain the following identification for the spinor bundles Sc of 

(C,g) and Sm of (M, go)- For even n hold 

Sc '■= Qc X(5pm (l,n),p) &l,n - ^* {Q M * (Spin(n) ,k) A n) 

= 7r*S M (8) 

and for odd n 

= Qc* X(Spin (l,n),p+) ^l,n ® ^ X (Spm (l,n),/3-) A l^n 

^ k*(q m X( 5 p in ( n ) iK +) A n © Q M x (5p j n ( n ) A -) A n ) 

= 7r*5 M ©vr*5 M (9) 

Hence, for even n, any spinor field ip € T(Sc) on the cylinder can be understood as an 
1-parameter family of spinors t £ (a, 6) i— » "0(t, •) € r(Sjvf ) on the manifold M. In case 
of odd n, any spinor field in r(5^) is a ^-parameter family of spinor fields in T(Sm), 
whereas any spinor field in r(S£) can be understood as t-parameter family of spinors 
in T(S M ). 



7 



Now, for any vector field X and any spinor field ip on (M, go) we denote by X and yp the 
vector field and the spinor field on (C, g) arising from X and ip by parallel displacement 
along the geodesies 7^ 

X(t,x) :=T* a {X(x)) , <p{t,x):=T* x (<p(x)). 

Because of (2) and (4) and the Clifford multiplication satisfies 

X*(p = ivX»<p. (10) 

Due to its invariance properties, the hermitian products (■, -)i and (■, -)o on the spinor 
modul Ai n induce hermitian inner products on the spinor bundel Sc which are related 
by 

(^1^2)1 = (v ipi,ip2)o , ipi,ip2 e r(Sc). (11) 

For any spinor field tp € F(Sc) and ip £ F(Sm) we define the associated Dirac current 
Vy, on (C, g) and W v on (M,go), respectively, by 

g{V^Y) := -<Y.y,</>)i VYe^C) (12) 
5o(^,X) := i(X*cp,ip} VXG^(M) (13) 

The Dirac currents satisfy the following conditions, which are easily to verify using (2), 
(4), (12) and (13) 

Proposition 3 1. The Dirac current of a nowhere vanishing spinor field ip on 
the Lorentzian cylinder (C, g) is a causal and future directed vector field. 

2. Let ip be a spinor field on (M,go) and ip its parallel extension to the cylinder 
(C,g) along the geodesies 7 X . Then for the Dirac currents hold 

Vg;=\\<p\\lv + Wv (14) 

□ 

Comparing the Levi-Civita connections of the cylinder (C,g) and of the level sets 
(M t := {t} x M,g t ) one obtains the following relation between the spinor derivatives: 

Proposition 4 (cf. [1]) Let X be a vector field and ip a spinor field on (M,go). Then 
for the parallel transported spinor field Ip on (C, g) hold V„<p = by definition and 

= Vf$+^*St(X))»(p onM t (15) 

where S t {Y) := -V£ v is the Weingarten map of the submanifold M t C C ' . □ 
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2.3 Codazzi spinors and special Lorentzian cylinders 

If B is an invertible endomorphism field and h a pseudo-Riemannian metric on M, we 
denote by B*h the induced metric 

B*h(X,Y) := h(BX, BY). 

In the following we will consider a special example of Lorentzian cylinders. 
Let A be a symmetric uniformally bounded endomorphism field. We denote by fi+(A) 
the supremum of the positive eigenvalues of A or zero if all eigenvalues of A are nonposi- 
tive and by ft- (A) the infimum of the negative eigenvalues of A or zero if all eigenvalues 
of A are nonnegative. Now, set a := (2/x_(A)) _1 and b := (2/x+(A)) _1 . We denote by 
C(M;A) the Lorentzian cylinder 

C(M; A) := (a, b) x M , g := -dt 2 + g t := -dt 2 + (1 - 2tA)*g 

call it Lorentzian cylinder over M induced by A. 

Definition: Let (M, go) be a Riemannian spin manifold with spinor bundle Sm- An 
imaginary Codazzi spinor on M is a spinor field ip € T(5m) which satisfies the equation 

V x il> = i-A(X)*i/>, (16) 

where A is a Codazzi tensor on (M,g ), t.m. A is a symmetric endomorphism field 
which obeys the Codazzi equation 

(VfA){Y) = {V^A)(X) 

for all vector fields X, Y on M. The equation (16) can be interpreted as the one of 
parallelity w.r.t. the (non-metric) connection V — iA. 

The notion of imaginary Codazzi spinors generalizes the case of imaginary Killing 

spinors with Killing number iA, which are Codazzi spinors with A = Al. 

Note that the Codazzi-tensor A is uniquely defined by its Codazzi spinor (16) since 

go(A(X),Y) = -\lm{ (X * V^/> + Y * Vf ^ ^} ) • ||V|| ~ 2 - 

Furthermore, the existence of an imaginary Codazzi spinor implies the following cur- 
vature constraint on (M, go) 

Proposition 5 Let (M,go) be a Riemannian manifold with non-trivial imaginary Co- 
dazzi spinor ip to the Codazzi tensor A. Then the Ricci curvature of (M,go) satisfies 

Ric M (X) = 4A 2 (X) - A{trA) ■ A{X). 

Proof. The Codazzi equation for A implies 

R s M ( X) Y )rl> = (A(X) * A(Y) - A(Y) * A(xfj * i/>. 

Hence 

n 

i?ic(X)*V = -2 ^2s k *R SM {X,s k )^j = {4A 2 {X) - Atr{A) ■ A{X)) -k ^ . 
k=i 
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Since ip is nontrivial, it vanishes nowhere. Therefore, the vectors in front of ip in the 
latter formula on both sides coincide. □ 



In [1] the authors study real Codazzi spinors and cylinders with spacelike cylinder 
axis and show, that Codazzi spinors on M can be extended to parallel spinors on 
the cylinder. The same statement is true in case of imaginary Codazzi spinors and 
Lorentzian cylinders with the completely analogous proof: 

Proposition 6 Let (M,go) be a Riemannian spin manifold carrying an imaginary 
Codazzi spinor ip € T(Sm) with uniformally bounded Codazzi tensor A and let C : = 
C(M;A) be the Lorentzian cylinder over (M,go) induced by A with its canonical spin 
structure. Then the v -parallel extension ip £ T(S^) of ip is a parallel spinor field on 

the cylinder C(M; A). Conversely, the restriction of any parallel spinor <ft € T(S^) of 
the cylinder to Mq is a Codazzi spinor to the Codazzi tensor A. 

Proof. We only recall the main steps of the proof and refer for details to [1]. 
First, it is easy to see that 2A is the Weingarten map of the submanifold Mq = {0} x 
M C C(M;A) =: C. Then from (10) and (15) follows that for any vector field X on 
M 

= + v A{X) *i> = Vf V - iA(X) * ip. (17) 

Since ip is an imaginary Codazzi spinor, we obtain = f° r an vectors X 

tangential to Mq. The Codazzi equation for A implies that v is in the kernel of the 
curvature endomorphism, i.e. R c '(v, •) = 0. Since \v, X] = and V^V = it follows 

v c u v c x ^=\r c (^x).^ = q 

where X is the lift of a vector field X of M to C. But this means that the spinor 
field V^V' is parallel along all geodesies j x . As this spinor field vanishes in the point 
7x(0) = (O)^)) h vanishes everywhere on C. Hence ip is parallel on C. On the other 
hand, any parallel spinor <f> on the cylinder is the parallel extension of its restriction 
to M along the curves j x . (17) shows that this restriction is an imaginary Codazzi 
tensor. □ 

For a spinor field ip G T(Sm) we consider the the real subbundle E v := TM -kip C Sm 
and denote by dist v the pointwise distance between iip and E v with respect to the real 
inner product Re(-, -)q on Sm- 

In order to analyze the causal type of the Dirac current of the parallel extension ip 
of a Codazzi spinor -0 we will use the following Lemma 

Lemma 1 Let (M,go) be a Riemannian manifold with an endomorphism field B and 
let (p G T(Sm) be a spinor field such that 

Vf p = iB(X)*(p. (18) 

We denote by W v the Dirac current of p and by q v the function 

q v :=\Mt-9o{W v ,W v ). (19) 

Then q v is constant and non-negative and given by the distance function 

q v = dist\ ■ II^Hg. 
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Proof. Using formula (13) for the Dirac current and formula (18) for the spinor (p 
we obtain 

v£w„ = 2|Ml3 

From that follows 

X(q v ) = 4\\<p\\%i(B(X)*<p,<p) -2go(yxW v ,W v ) 

= 4\\<p\\2go(B(X), W v ) - 4\\<p\\%g (B(X), W v ) = 0. 

If (si, . . . , s n ) is an ON-basis on M, then (||<£|| _1 Sj * (p \ j = 1, . . . ,n) is an ON-basis 
in the real vector space E v . Hence 

distl = \\i<p\\o-\\projE v (i<p)\\o 

n 

= IMIo - II H^llo 2 " s i * v)o • s i * <P\\o 

3=1 

= IMIo -9o(W v ,W v ) ■ \\<p\\o 2 = g v • llvllo 2 - 

□ 

Now, we describe the causal type of the Dirac current of a parallel spinor on the cylinder 
which is induced by an imaginary Codazzi spinor. 

Proposition 7 Let i/j be a non-vanishing imaginary Codazzi spinor on (M, go) with 
uniformally bounded Codazzi tensor A and let ip be its v-parallel extension to the cylin- 
der C{M;A). If dist^ = , the Dirac current V~ of ip is parallel and lightlike. If 
dist^p > , the Dirac current V~ is parallel and timelike. 

Proof. Since ip is parallel, the Dirac current is parallel as well, ip is non-trivial, 
hence the length HV'Ho has no zeros. From formula (14) follows 

9(Vj,V~) = -\mt + 9m,W^ = -\\^t + g (W^W f ) = -q^ 
= -\\il>\\o • distj, 

which proves the statement. □ 

We remark, that for any spinor <p on a 3- and on a 5-dimensional manifold the distance 
distp is zero (cf. [5], p. 89). 



3 Codazzi spinors with invertible Codazzi tensors 
3.1 The structure theorem 

Let us denote by <i v the exterior derivative induced by a covariant derivative V. In 
particular, for any endomorphism field A 

(d v A)(X,Y) = (V X A)(Y) - (V Y A)(X). 

Hence A is a Codazzi tensor with respect to V if and only if d? 'A = 0. 

In the following we want to examine the case of invertible Codazzi tensors more closely. 

First we remark 
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Proposition 8 ([8]) Let A be an invertible Codazzi tensor on (M,go) and let V 90 and 
\7 A *9o denote the Levi-Civita connections of go and of the induced metric A* go. Then 

V£* 9() = A' 1 o V$ o A , V X € X(M) 

and A^ 1 is a Codazzi tensor w.r.t. A*go. In particular, the holonomy groups of go and 
A* go are conjugated 

Hol x (M, A* g ) = A' 1 o Hol x (M, g ) o A x 

and for the curvature hold 

R A* go ^ Y,Z,V) = R 90 (X, Y, AZ, AV) 
Ric 90 oA = A o Ric 90 . 

□ 

There is an obvious identification between the spin structures of the manifolds (M, go) 
and (M, A* go). Let us denote by 

$A ■ if £ Sm = S(M,g ) ► 9 ^ Sm ■= S( M ,A*g ) 

the corresponding isomorphism between the spinor bundles. Then for the Clifford 
product and the spinor derivatives V = V 90 and V = \7 A * 9 " hold 

X-kip = A' 1 (X) * Tp and V ' x <p = V x p- (20) 

Furthermore, we obtain 

{<p,il>)o = fatyo and Wjp = A~\W v ) (21) 

which shows that q^ = q^ for the functions q^ defined in (19). Hence we obtain the 
following Proposition: 

Proposition 9 Let ip be an imaginary Codazzi spinor on a Riemannian manifold 
(M,go) with invertible Codazzi tensor A. Then the corresponding spinorTp on (M, A* go) 
is a Killing spinor with Killing number i. Vice versa, given a Riemannian manifold 
(M,go) with a Killing spinor <f> to the Killing number ia for some real number a and 
with an invertible Codazzi tensor A, on the Riemannian manifold (M, A* go) the spinor 
field $a{4>) = <p is a Codazzi spinor with Codazzi tensor aA~ l . Likewise, <&a maps 
parallel spinor fields (if they exist) to parallel spinor fields. □ 

Thus we can use the structure results the first author proved for manifolds with imag- 
inary Killing spinor s. 

Proposition 10 ([3], [4]) (M, go) is a complete connected Riemannian spin manifold 
with non-vanishing imaginary Killing spinor to the Killing number ifi if and only if it 
is isometric to a warped product 

(R x F,ds 2 + e~^ s g F ) 

where (F,gp) is a complete connected spin manifold with non-vanishing parallel spinor. 
□ 
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Let B a symmetric, positive definite endomorphism field on (M,go) whose eigenvalues 
are uniformally bounded away from zero, t.m. with < US" 1 1| < c < oo on all of M. 
Then the metric B*g$ is complete if go is complete. From Proposition 9, Proposition 
10 and Proposition 7 we obtain the following structure of a Riemannian manifold with 
imaginary Codazzi spinors. 

Theorem 1 Let (M,go) be a complete connected Riemannian spin manifold with non- 
vanishing imaginary Codazzi spinor to a Codazzi tensor A whose eigenvalues are uni- 
formally bounded away from zero. Then (M,A*go) is isometric to a warped product 

(R x F, g wp := ds 2 + e~ 4s g F ) (*) 

where (F,g F ) is a complete connected spin manifold with non-vanishing parallel spinor. 
Furthermore, A -1 is a Codazzi tensor on the warped product (*). □ 



3.2 Codazzi tensors on warped products 

Theorem 1 shows how we can obtain Riemannian manifolds with Codazzi spinors. For 
that we have to find Codazzi tensors on warped products of the form 

M = R x f F := (M x F, g M = ds 2 + f 2 {s)g F ). 

Let us now address to this question. We decompose T^ S ^M ~ M.d s © T X F and write a 
symmetric (1, l)-tensor field H on M with respect to this decomposition as 



H = H(b, D, E) 



b-Id D 
D E 



where b is a real function on R x F, E is a s-parametrized family of symmetric endo- 
morphism fields on (F,gp), D an endomorphism field from Md s to TF, and 

DV = f 2 -g F (V,D(d s ))d s 

for all vector fields V on F. 

Let us call the tensor field H = H(b, 0, E) simple iff E(s) = K(s) ■ Id F for all s£l. 

Proposition 11 The endomorphism field H(b, D, E) is a Codazzi tensor on the warped 
product M = R x j F if and only if for all vector fields V and W on F hold 

V^(D(d s )) = E(V) + jE(V) - bjV (22) 

grad F b = 3/ fD(d s ) + f 2 D(d s ) (23) 
(d vF E)(V,W) = ff{g F (V,D(d a ))W-g F (W,D(d s ))v) (24) 

In particular, the s -parameter family D(d s ) of vector fields on F satisfies 

R F (V,W)D(d s ) = (ff - f 2 )(g F (V,D(d s ))W - g F (W, D(d s ))v) . (25) 

Here ' denotes the derivative with respect to the parameter s. 
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Proof. We rewrite d? M H = in conditions for b, D and E. The covariant derivative 
on the warped product M = R x f F is given by 

vfA = o 

v£V = v^d s = f - f v 

V^W = -ffg F (V,W)d s + V^W. 

(Cf. [21], p. 206)). Using these formulas, one easily sees that the formulas (22) and 
(23) are equivalent to (cF M H)(d s , V) = . The condition (d yM H){V, W) = is 
equivalent to (24) and 

g F (W, V^D(d s )) = g F (V, V&D(d a )), 

where the latter formula follows already from (22). Now, if we differentiate (22) again 
with respect to and insert (23) and (24) we obtain (25). □ 



Recall that a Codazzi tensor is called trivial if it is a constant multiple of the Identity. 

Corollary 1 1. On every warped product M = Rx fF there is a nontrivial invertible 
Codazzi tensor. Explicitly, if T is a (possibly trivial) Codazzi tensor on (F,g F ), 
then we obtain a Codazzi tensor on M by H = H(b, 0, E) where b is a function 
which depends only on s and E is given by 

E( S ) = j(T+J\(a)f(a)da-Id F ^ (26) 

2. Let f(s) = e fc s . // there is a non-simple Codazzi tensor on M then there is a 
nontrivial Codazzi tensor on F or a nonzero, parallel or homothetic vector field 
on F. 

Proof. It is easy to check, using (22), (23) and (24), that the tensor field H(b,0,E), 
where b = b(s) is a real function and E is given by (26), is a Codazzi tensor on 
M = R x f F, for every Codazzi tensor T on F. If we choose for example b so that 
bf > and T = k ■ Id F with k > 0, then H(b, 0, T) is invertible. 

Now let H(b, D, E) be a Codazzi tensor on M = R x f F, first with a general warping 
function /. Let us first consider the case that D = 0. Then formula (23) shows, that 
the function b depends only on s. From (24) follows, that E is a Codazzi tensor on 
(F,g F ). From (22) we obtain the following differential equation in the space of Codazzi 
tensors on (F,g F ) 

(fE) = fE + fE = bfId F . 

Hence E is given by formula (26), where T is a Codazzi tensor on (F,gp). H is simple 
exactly if T is trivial. 
Now, let D^0. We set 

E:= (ff-f 2 )E-ffV F D(d s ). 

From (25) follows 

{af F af F D{d s )){V,W) = R F (V,W)D(d s ) = {ff-f 2 )(g F {V,D{d s ))W-g F {W,D{d s ))v). 
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Using (24) we obtain 

(d vF E)(V,W) = (ff-f 2 )(d^ F E)(V,W)-ff(d vF d^ F D(d s ))(V,W) 

= (// " P) {{d VF E){V, W) - ff(g F (V, D{d s ))W - g F (W, D(d 8 ))V)) 
= 0. 

Thus E is a Codazzi tensor on (F,g F ). 

In our case, for / = e k ' s , we have // — f 2 = 0. Therefore, E = ffV F D(d s ), 
thus V F D(d s ) is a Codazzi tensor on (F,g F ). If this Codazzi tensor is trivial, t.m. 
V F D(d s ) = XI dp, then D(d s ) is a family of parallel vector fields on F (if A = 0) or of 
homothetic vector fields on F (if A ^ 0) . □ 

Corollary 2 Let M = WxfFbea warped product with warping function f(s) = e~ 2s 
and let T be a Codazzi tensor on (F,g F ) whose eigenvalues are uniformally bounded 
from below. Then the warped product M admits a Codazzi tensor H with eigenvalues 
uniformally bounded away from zero (\\H~ 1 \\ < c < oo on all of M). 

Proof. Let all eigenvalues of T be greater then fceM. We choose a strictly increasing 
function h € C°°(R) with h{s) < \. Let b(s) := e 2s h{s). Then all eigenvalues of the 
Codazzi tensor H = H(b,0,E), where E is given by (26), are nonnegative. Hence the 
norm of the Codazzi tensor H + cldu for a positive constant c is bounded from below 
by c. □ 



3.3 The holonomy and causal properties of the special Lorentzian 
cylinder 

Theorem 1 and Corollary 2 provide a construction principle for Riemannian manifolds 
with Codazzi spinors and for Lorentzian manifolds with special holonomy. We start 
with a connected Riemannian manifold (F,gp) which admits a non-vanishing parallel 
spinor and a Codazzi tensor with eigenvalues uniformally bounded from below. Then 
the warped product (M := R x F, g wp := ds 2 + e~ As gp) admits imaginary Killing 
spinors to the Killing number i and a Codazzi tensor H with positive eigenvalues 
uniformally bounded away from zero. The Riemannian manifold (M, <7o ■ — H*9wp) 
admits imaginary Codazzi spinors for the Codazzi tensor if -1 . 

In the following we will denote the Lorentzian cylinder constructed in this way out of 
(F,gp) and H by C[F;H]. By construction 

C[F; H] := (a, b) x M = (a, b) x R x F 

where a is the half of the supremum of all negative eigenvalues of H or — oo if all 
eigenvalues of H are positive and b is the half of the infimum of all positive eigenvalues 
of H or +oo if all eigenvalues of H are negative. The metric of C[F; H] is given by 

gc ■= -dt 2 + g t = -dt 2 + {H- 2tl)*{ds 2 + e~ 4s g F ). 

In the following we will denote 

A := H- 1 
H t := (H-2tId M ) 
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First, let us start with the causality property of the cylinder C[F; H]. 

Theorem 2 If the Riemannian manifold (F,gp) is complete, then the cylinder C[F; H] 
is globally hyperbolic and even bbc. 

Proof. Since (F, gp) is complete, the warped product (M = R x e -2 S F, g wp ) is complete 
as well. The eigenvalues of (H — 2tl) are uniformally bounded away from zero for all 
t G (a, b), hence Proposition 2 yields that the Lorentzian cylinder C[F;H] is globally 
hyperbolic and moreover bbc □ 



Next we would like to calculate the curvature of C[F;H]. For that we note 

Lemma 2 The Weingarten map Wt of the hypersurface M t = {t} x M C C[F;H] is 
given by 

W t (X) = 2Hf 1 (X). (27) 

The covariant derivative ofC[F;H] is 

V c x y = (Hi 1 oVf o H t )Y -2g wp (H t X,Y)d t (28) 

V£d t = -2H^X (29) 

VgX = -2H^X (30) 

= (31) 

where X and Y are lifts of vector fields of M. 

Proof. For the Weingarten map Wt(X) = —V^dt of M t we have 

g t (W t (X),Y) = -±g t (X,Y). 

since g t = (H — 2tld)*g wp we obtain 

gt(X,Y) = -Ag wp (H t X,Y) = -4g t (X, H^Y) = -Ag t {H^X,Y) 

Hence 

W t (X) = 2H t -\X). 
The Gau8 decomposition of the covariant derivative gives 

V C X Y = V%Y -g t (V%Y,d t )d t = V%Y -g t (W t (X),Y)dt 

= V^y - 2g t (H^(X), Y)dt = V^y - 2g wp (X, H t Y)8 t 
= V%Y-2g wp (H t X,Y)d t . 

Then (28) follows from Proposition 8, since Ht is a Codazzi tensor. The equation (31) 
holds for any cylinder metric and (29) and (30) follow from (27). □ 
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Proposition 12 The curvature of the Lorentzian cylinder C[F; H] satisfies: 
1. R c (X,Y)d t = R c (X,dt)Y = R c (X,d t )d t = for all vector fields X, Y on C. 



2. IfX,Y,Ve TM t then 

R C (X,Y)V = (Hf 1 o R W P(X, Y) o H t ) V 

-4g wp (X, H t V)H^Y + 4g wp (Y, H t V)HT x X (32) 

2. If the vectors X, Y, V £ TMt are lifts of vectors in TF then 

R C (X, Y)H^V = H^R F (X, Y)V (33) 

3. If the vectors 1,7 £ TMt that are lifts of vectors in TF then 

R C (X, Y)H-\d s ) = R c (d s , Y)H-\d s ) = R c (d s , Y)H^[X) = 0. (34) 
In particular, C[F; H] is flat if and only if (F, gp) is flat. 

Proof. The first statement is a direct calculation using the Codazzi-Mainardi equation 
and the Ricatti equation (comp. [1]). The Codazzi-Mainardi equation ([21], p. 115) 
shows that R C (X,Y)V is tangent to M t . Using the GauB equation ([21], p. 100) and 
the formula (27) for the Weingarten map we obtain 

g t (R C (X,Y)V,W) = 

= g t (R Mt (X, Y)V, W) - 4Gft(fl t - 1 X, V)g t {H- 1 Y, W) + 4g t {H^X, W)g t {H^ l Y, V)) 

Since g t = H^g wp we can apply Proposition 8 which yields 

gt(R°(X, Y)V, W) = H;g wp (R H t^(X, Y)V, W) - 4g wp (X, H t V)g t {H7Y, W) 

+Agt{Ht 1 X,W)g wp (Y,H t V) 
= gtiHf 1 R*°>(X, Y)H t V, W) - 4g wp (X, H t V)gt{H^ l Y, W) 
+4g wp (Y,H t V)gt(Hf 1 X, W). 

Hence 

R C (X, Y)V = o R W P(X, Y)oH t V- 4g wp (X, H t V)H^ l Y + 4g wp (Y, H t V)H7 x X. 

For a warped product M = R x f F and vector fields U, X, Y which are lifts of vector 
fields on F, we have 



R W P(X,Y)U = R F (X,Y)U + 4g wp (X,U)Y - 4g wp {Y,U)X (35) 

R w P(d s ,Y)U = -4f 2 g F (Y,U)d s (36) 

R wp (d s ,Y)d s = 4Y (37) 

R wp (X,Y)d s = 0. (38) 

(cf. [21], p. 210). This shows formulas (33) and (34). □ 



Finally we would like to study the holonomy of the cylinder C[F; H]. First, let us make 
a comment on the holonomy of the manifolds (M = M x F , H^g wp ) . 
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Proposition 13 The connected component of the holonomy group of the manifolds 
(M = Kx F , H^g wp ) is isomorphic to SO(n). 

Proof. By Proposition 8 it is enough to prove this for (M, g wp ). Fix a point z = (0, x) G 
M and consider the skew symmetric endomorphism B := 4d s A Y C so(T z M, g wp ) ~ 
A 2 (T Z M). Then formulas (36) and (37) show that 

£([/) = -4 5F (Y,C/)5 S = i?r(a s ,Y)[/ 
= 4Y = i?^(5 s ,Y)5 s 

for all Y, U G T X F. By the Ambrose-Singer Theorem <9 S A Y = ±5 = P (0 S , Y) G 
f)0l z (M,^) for all Y G T^F. Since [0 a A X, d s A Y] = X A Y if follows that 
fjot^M,^) =so(T 2 M, 5?i;p ). □ 

We will determine the holonomy group of C[F; H] by calculating the parallel displace- 
ment explicitly. For that we use the following Lemmata. 

Lemma 3 The Dime current of any parallel spinor <p on C[F; H] that is induced by a 
parallel spinor on (F,gp) is light-like and given by 

V$ = e~ 2s (d t - Ads) 

where X denotes the parallel displacement of a vector field X on Mq along the t-lines 
of the cylinder. 

Proof. In [3] and [4] it is proven, that for any imaginary Killing spinor ip on (M,g wp ), 
constructed out of a parallel spinor of (F,gp), hold = 0. The length and the Dirac 
current of ip are given by 

\\ip(s,x)\\ 2 = e~ 2s and Wy, = -e~ 2s d s 

where we normalize ip by 1 = ||^(0, - ) Mo- Let us denote by <p = ip the corresponding 
Codazzi spinor on (M,go := H*g wp ). Then (21) shows that the length and the Dirac 
current of p are given by 

\\tpg = e -2« and W(p = - e -^H-\d s ). 

According to Proposition 3 and Proposition 7 the Dirac current of the parallel extended 
spinor ip on the cylinder C[F, H] induced by p is parallel and lightlike and given by 

v^ = e~ 2s {d t -ifHd s )). 

□ 

Lemma 4 Let Z be a vector in TMq. Then the parallel displacement AZ of AZ along 
the t-lines of the cylinder is given by 

AZ = H t -\Z) (39) 
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If V and W be lifts of vector fields of F , then 

VgM s = -2d t (40) 

VgAV = -2H t -\V) (41) 

V^Ad s = -2H t -\V) (42) 

V^AW = -2e~ is g F {V,W)[d t -H; l {d s )) +Hf 1 (y$W) (43) 

Proof. From Lemma 2 we obtain 

Vg(H^Z) = V C H -, z d t + [d u H^Z] = -2H^Z + (H^)'Z. 

Now, from Ht o Hf 1 = Id follows 

= H[ o Hf 1 + H t o (Hi 1 )' = -2H^ + H t o (Hf 1 )' 

and therefore 

(Hi 1 )' = 2H^. 
Hence H f ~ 1 Z is parallel along the t- lines. 

To prove the formulas for the covariant derivative we use the formulas (cf. [21]) for the 
covariant derivative of warped products 

V£d 8 = 

yjy = v™ p d s = -2v 

V™ P W = 2e~ 4s g F (V, W)d 8 + V^W 
and the formulas (28) and (39). □ 

Now let us denote by P and Q the following light-like vector fields on C[F; H] 

P = e- 2s (d t -Ad s ) 

Q = \e 2s (d t + Ad s ) 

Then gc{P\ Q) = 1 an d P is parallel (which is clear, since P is by Lemma 4 the Dirac 
current of a parallel spinor, or can be calculated with the formulas (40) and (42)). The 
tangent space TC decomposes into the following subspaces 

TC = RP © ATF ( 



Proposition 14 Let S(r) = (t(r), s(r),^(r)) be a curve in C = C[F;H] starting in 
8(0) = (0,0, x) G C. Then the parallel displacement of AZ G AT X F is given by 

r s[r) (AZ) = U(r) = a^ z (r)P + e 2s ^AY(r) 

where Y(r) = ^ (Z) is the parallel displacement of Z along 7 in F , and a~ /t z is the 
function determined by 

a 7 , z (r) = 2g F (Y(r),i(r)) , a 7 , z (0) = 0. 
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Proof. We consider the vector field 

U(r) = a{r)P + b(r)Q + AZ{r). 

Using (40), (41) and (42) we easily check that 

VgQ = 
VgQ = 
V^Q = -2e 2s H t ~\j) 

Together with (43) this yields 

V? U = aP + bQ- 2be 2s Hi\j) - 2sHf 1 (Z(r)) - 2e- 2s g F (i, Z{r))P + H^(V?Z(r)) 

Since P, Q and Hj~ 1 TF are independent, it follows that U is parallel along 5 if and 
only if 

b(r) = 

a(r) = 2e- 2s g F (j,Z(r)) 
V^Z{r) = 26e 2s 7 + 2sZ{r) 

If we choose the initial conditions a(0) = 6(0) = and set Y(r) = e~ 2s Z(r) we obtain, 
that U is parallel if and only if 

b(r) = 

d(r) = 2 5F ( 7 ,y(r)) 

v^y(r) = 

This proves the Proposition. □ 



Theorem 3 Let Holx(C, gc) be the holonomy group of the cylinder C = C[F;H] with 
respect to the point x G C , where x = (0, 0, x). 

1. If (F,gp) contains a flat factor (Fo,gp ), then C[F;H] is decomposable. 

2. If(F,gp) splits (locally) into a Riemannian product of irreducible non- flat factors, 
then C[F;H] is weakly irreducible and the connected component of its holonomy 
group is given by 

Holl(C,gc) = (H-'oHolKF^F^oH) x R dl ^ F \ 

Proof. Let us fix an ON-basis (v±, . . . ,v n -±) in T X F with respect to gF- Now, choose 
a closed curve 5(r) = (t(r), s(r),j(r)) in C with 5(0) = 5(1) = (0,0, x). Then for the 
parallel displacements hold according to Proposition 14 

t°(AZ) = a y , z (l)P + A(t?(Z)) = T C(AZ) 
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where a 7i z is determined by d 7i ^(r) = 2gp(r^ o Z,j(r)) and a 7i z(0) = 0. In particu- 
lar, with respect to the basis (P, Av±, . . . , Av n -i, Q) of T X C we have 

1 a 7 

t? = tC= I A o r 7 F o A" 1 * | (44) 



where a 7 = (a 7; „ 1 , . . . , a 7) „ n _ 1 )). (Note, that the two * in the matrix are uniquely 
determined by the other entries since is in SO(T x C, gc))- This implies that 

Hol x (C,g c ) C (V 1 o Hol x (F,g F ) o H) x R*™^). 

Now, let us suppose, that (F,g F ) = (Fo,g Fo ) x (F\,g Fl ) is a Riemannian product of a 
flat factor (Fo,g Fo ) and another factor (Fi,g Fl ). Since (-Fb)ffFo) is A a t> we have for the 
parallel displacement along a curve 7 = (70,71) with 7(0) = 7(1) = x 

t f_(t% \_(Id 

Furthermore, let {y\ = d xi , . . . , Vk = d Xk ) be a parallel coordinate basis of an Euclidean 
chart in Fq and 70 = Ylj=i %j v j- Then 

07.fi M = 2 9F (vi,io) = 2xi(r) 

implies a 7i ^(r) = 2xi(r) + q and from the initial condition follows q = — 2x^(0). 
Hence a 7jt)j (l) = 2xj(l) — 2x^(0) = since 7 is closed. Then using the above formula 
for the parallel displacement we obtain 



t s — r 7 



/ 1 o 71 (l) * \ 

Id A TF * 

Aot^oA- 1 * 

V \ J 



This shows that the non-degenerate subspace AT x Fq C TfQQ X \C is holonomy- invariant. 
Hence in that case, the cylinder is decomposable. 

Now, let (F,g F ) = (Pi, g Fl ) x • • • x (Fk,g Fk ) be a product of irreducible Riemannian 
manifolds of dimension > 2 and x = (x±, . . . , x^). Let us denote by 

fj := t)0l x (C,g c ) C so{T x C,g c )p = MP A AT^F + so^F, <? ) + MP A Q 

the holonomy algebra of (C, gc) in the point x, where so(PeC, <?c)p is the Lie algebra of 
the stabilizer of P in SOq(T x C, gc)- Furthermore, let rrij be the image of the projection 
of f) onto (MP A AT Xi Fi) and f)j be the image of the projection of f) onto so(AT Xi Fi). 
From (44) we know, that ^ = io fyo^. (Fi,g Fi ) o A -1 . Since (F,g F ) is supposed to 
have parallel spinors, (Fi,g Fi ) has parallel spinors as well. Therefore the algebras f)j, 
being su(m), sp(m), 02 or spin(7) each, have no center. It follows from the classification 
of weakly irreducible subalgebras of so(l,n)p (cf. [7] or [11]) that there is no coupling 
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between the and the f)j-part, since such couplings can only appear, if one of the Lie 
algebras h; has a center. Hence 



/ mi m 2 
l)i 
h 2 




V 








m k \ 

* 

* 

i)k * 

/ 



Cso(T & C,gc)p 



(45) 



Now, we will show that rrij ^ 0. Note, that by the Ambrose-Singer-Theorem, f) is 
spanned by all elements of the form 

(rf)- 1 o J Rf (1) (X,y)orf 

where 5 : [0, 1] — ► C runs over all curves in C starting in x and X and Y over all vectors 
in Tgr^C. Let us consider the special curve 5(r) = (0,0, 7(r)) where 7 : [0,1] — ► P 
is a geodesic in (F,gp) starting in x . Then for the parallel displacement of a vector 
Z € T X F hold by Proposition 14 

Tf{AZ) = a^ z (l)P + A{^Z). 

From Proposition 12 follows for vectors X,Y eTF (recall P _L H~ l TF): 



R°(X,Y)P = 
Since A = H^ 1 this implies 



and 



r c \x 1 y)h- 1 \ tf = ip-ip/p^Y)!^. 



Pf (1) (X,y)rf (AZ) = ARF {1) (X,Y)tF(Z). 

Let us denote by 7" the inverse curve 7 - (r) = 7(1— r). Then with Z := P^) (A, Y)t^(Z) 
we obtain (recalling P(X, F)P = 0) 



where a ^ is given by the differential equation 



V,^ r ) = 2 ^(7"W,< lM P^ (1) (A,y)<(z)) 



(*) 



with the initial condition ^(0) = 0. Since 7 is a geodesic in P, the function 

9F(j~(r), T ^-\ [0 ]^7(i)(^' Y)r^(Z)j is constant, hence the solution of the initial value 
problem (*) is 



(r) = 2g F (r(0),R^ 1) (X,Y)r^Z)).r 
= -2 5F ( 7 (1), P^ (1) (A, y)<(Z))T 
= 2 5F (P^ (1) (A,y)7(l),r 7 F (Z)).r 

Now, assume that rrij = 0. Then R^\ ± JX, Y)(7j(l)) vanish for all vectors X, Y £ 
T 7 .( 1 )Pj. In particular, this implies that the sectional curvature P^(7j(l)) of Pj in the 
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point 7i(l) in direction of any 2-dimensional subspace E = span{r^{v), (7i(0)) with 
f <G T Xi Fi vanishes. The same argument applies to any point j(r) of 7((0, 1]), hence 
we obtain taking the limit r — > that K^, v ^.( ))( x j) = 0- If we take all geodesies 7, 
starting from it follows that all sectional curvatures of Fi in the point Xj vanish. Now, 
since the holonomy groups of different points are conjugated, with rrij the projection 
of t)olfi(C,gc) onto the part MP A AT yi Fi C so(T^C, gc)p for any other point y € F 
vanishes too. Then applying the same argument to y we obtain, that the sectional 
curvature of Fi vanishes everywhere, hence Fi has to be flat, which is a contradiction 
since (Fi,gPi) is irreducible and of dimension > 2. Hence we have proven that the 
projection rrij 7^ for all components Fi of F. 

It remains to prove that rrij = AT Xi Fi for all i. Formula (45) shows that [f)j, P A nij] C 
P A f)i(nij) hence, fyj(rrtj) C rrij. But by assumption, f)j acts irreducible on AT Xi Fi, 
hence = AT Xi Fi. This completes the proof of the second statement. □ 

Corollary 3 Let an indecomposable, non-irreducible Lorentzian holonomy represen- 
tation 9\ with a fixed spinor be given. Then there is a bbc manifold with holonomy 
representation SR. 

Proof. First pick a complete manifold (F,gp) having the screen bundle holonomy (cf. 
[17]) of y{ as its holonomy representation. Then from any (possibly trivial) Codazzi 
tensor on (F,gp) with norm uniformally bounded from below one can construct a Co- 
dazzi tensor H on the warped product over (F, gp) with positive eigenvalues uniformally 
bounded away from zero. Now C[F; H] is a bbc manifold with holonomy representation 
9t. □ 



4 Examples 

Our construction of Riemannian manifolds with Codazzi spinors and of Lorentzian 
manifolds with special holonomy (cf. Theorem 1 and Theorem 3) is based on the exis- 
tence of Codazzi tensors on Riemannian manifolds with parallel spinors. Let us discuss 
some examples for that. 

Example 1 

On the flat space W 1 the endomorphism 

Tf(X) = Vf(grad(h)) = X(d 1 h, . . .,d k h)) 

is a Codazzi tensor for any function h on M fc and every Codazzi tensor is of this form 
(cf. [10]). Proposition 12 shows, that the cylinder C[F; H] is flat for any Codazzi tensor 
H on the warped product that is constructed out of T (cf. Corollary 2). 

Example 2 

Let (Fijgp^ be a complete simply connected irreducible Riemannian spin manifold 
with parallel spinors and (F,gp) its Riemannian product with a flat M k . Then (F,gp) 
is complete and has parallel spinors. Let H be a Codazzi tensor on the warped product 
M x e -2 S F constructed out of the Codazzi tensor A/d^ + T^ k of F, where T^ k is taken 



23 



from example 1. Then the cylinder C(F;H) is globally hyperbolic and decomposable 
with special holonomy 

Hol(F lt g Fl ) k R dimF \ 



Example 3 

Let us consider the metric cone 

(F n -\g F ) :=(1R + x N,dr 2 + r 2 g N ) 

where (N, gw) is simply connected and a Riemannian Einstein-Sasaki manifold, a nearly 
Kahler manifold, a 3-Sasakian manifold or a 7-dimensional manifold with vector prod- 
uct. Then (F,gp) is irreducible and has parallel spinors (but fails to be complete). 
Furthermore, T := V F d r is a Codazzi tensor on (F,g F ), since d r lies in the kernel of 
the curvature endomorphism. Theorem 3 shows, that the cylinder C[F;H], where H 
is constructed out of T, has special holonomy 



HoI{C, 9c )^Gk 



on— 1 



where 



G 



SU({n - 
Sp((n — 
G 2 

Spin(7) 



- l)/2) 
l)/4) 



if N is Einstein-Sasaki 

if N is 3-Sasakian 

if N is nearly Kahler 

if N 7-dimensional with vector product 



Example 4 

Let (F, g F ) = (F±, g Fl ) x • • • x . . . (Fk,g Fk ) be a Riemannian product of simply connected 
complete irreducible Riemannian manifolds with parallel spinors. Let T be the Codazzi 
tensor T = X± l Fl + . . . lp k and H constructed out of T as mentioned in Corollary 
2. Then C[F;H] is globally hyperbolic, weakly irreducible and the holonomy group is 
isomorphic to 

(Hol(F 1 ,g Fl )x---xHol(F k ,g Fk )) x R d * mF . 



Example 5. Eguchi-Hansen space 

We will show that there is no nontrivial Codazzi tensor on the Eguchi-Hansen space, 
which is an example of a complete, irreducible Riemannian 4-manifold with holonomy 
SU(2), hence with 2 linearly independent parallel spinors. 

The Eguchi-Hansen space EH is the manifold TS 2 equipped with a metric which is 
ALE (asymptotically locally Euclidean). More exactly, there is a compact set whose 
complement converges with the metric distance to IR 4 /Z2 in a certain way (cf. [14]). 
The complement of the zero section of TS 2 is isometric to ((a, oo) x § 3 )/{±l} with 
the metric 

ha = (l- fy A r l dr 2 + r 2 ((^) 2 + (ay f) + r 2 (l - (^) 4 )(^) 2 , 

where r is the parameter of (a, oo) and (a x , a y ,a z ) is the standard basis of left-invariant 
1-forms on S 3 , i.e. da x = 2a y A a z (and cyclic permutations). (Note that the metric is 
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in fact invariant under the multiplication by —1 in R 4 !). We denote this complement 
of the zero section by EH as, vice versa, EH is the completion of EH by gluing in an 
§ 2 at r — > a (cf. [22], [9]). One can extend h a to a complete metric on EH if a > 0. 

Theorem 4 Lei W be a Codazzi tensor on EH. Then W is a constant multiple of the 
identity. Moreover, on the warped products R x ek3 EH, all Codazzi tensors are simple. 

Proof. Let (a x , a y , a z ) be the basis of left-invariant vector fields on § 3 dual to 
(a x ,a y ,a z ). Then [cr^Cy] = — 2a z (and cyclic permutations). Written in the stan- 
dard spherical basis (rd r , cr x ,a y ,a z ), the metric becomes 



( (1 



V 



(f) 4 )" 1 








1 
1 

o o (i-(^) 4 ) / 



The transformation matrix between (rd r , cr x ,a y ,a z ) and the canonical basis of the Eu- 
klidian coordinates on C 2 = R 4 at a point (x±, x 2 , £3, £4) is 



M 



( x\ x 2 x 3 x 4 \ 

X 2 ~X\ X 4 —X3 

X 3 -X4 —Xi X 2 

\ X4 x 3 -x 2 -xi J 



-a\4\i/2 
.r- 



For short, we denote by / the function 

™ - - c: 

Note, that for this function 

f' + r- 1 f = 2r- 1 f- 1 -r- 1 f=:^(r). 

Then 



a 2 = ra y 



a 3 = rfa z 



a = f- x dr , a 1 = ra x 
is an orthogonal coframe for the metric h a and 

eo = fd r , ei = r~ x o x , e 2 = r~ x o y , e 3 = r -1 / -1 ^ 
is the dual orthonormal basis for h a . For the commutators we obtain 

[eo,ei] = -r _1 /ei 

[eo,e 2 ] = ~r~ 1 fe 2 

[eo,e 3 ] = -(/' + r~V)e 3 = ~7e3 

[ei,e 2 ] = -2r~ 1 /e 3 

[ei,e 3 ] = +2r- 1 r 1 e 2 

[e 2 ,e 3 ] = -2r- 1 r 1 e 1 

Then using the Koszul formula 

2(V ei e ? -,e fc ) = -(ej, [ej,e fc ]) - (e^, [e;,e fc ]) + (e fc , [ej,ej]) 
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we obtain for the Levi-Civita connection of h a = (■, ■) 



V eo e fe 


= 


fe = 0,1,2,3 








V ei e 


= +r~ 




V e2 e = 


+r - 


1 fe 2 


V ei ei 


= -r~ 




V e2 ei = 


+r~ 


■Ve 3 


V ei e 2 


= —r~ 




V e2 e 2 = 


—r~ 


■Veo 


V ei e 3 


= +r~ 


Ve 2 


V e2 e 3 = 


—r~ 


"Vei 


V e3 e 


= +(r 


"V + ZOes = 


+7 e 3 






V e3 ei 


= +(r 


" 1 /-2r- 1 r 1 ) 


e 2 = —7 e 2 






V e3 e 2 


= — (r 


" 1 /-2r- 1 r 1 ) 


ei = +7 ei 






V e3 e 3 


-(r 


"V + ZOeo = 


-7 eo 







We consider W in the basis e a mentionned above. The first observation is that w.r.o.g 
the entries of the associated matrix only depend on r, not on the spherical variables. 
That can be seen as follows: Assume that there is a Codazzi tensor field W whose 
entries might depend on all variables. Then consider 



W :-- 



/( 



1 X L q )*Wdq 



where L q is the left action of the sphere on itself. Remind that the Berger metrics 
are left-invariant, thus the diffeomorphisms 1 x L q are isometries of EH. Therefore 
the endomorphisms (1 x L q )*W are Codazzi. As the Codazzi equation is linear in the 
tensor field, it commutes with the integral, and W is Codazzi. As the frame e a is 
left-invariant, the entries of W cannot depend on the spherical coordinates any more 
but only on r. Up to know we know that w.r.o.g. we have a tensor field of the form 



W := 



( A B C D \ 

B E F G 

C F H I 

\D G I J J 



with A, B, C, D, E, F, G, H, I, J real functions depending on r. The second observation 
is that, for U being the endomorphism which exchanges e\ and e 2 and is the identity 
on the orthogonal complement of {e±, e 2 }, if W is a Codazzi tensor, the endomorphism 
U o W o U is a Codazzi tensor as well. Thus the endomorphism fields W ± U o W o U are 
Codazzi tensors as well which are symmetric resp. antisymmetric under the conjugation 
by U. We will show that the [/-antisymmetric part vanishes necessarily while the U- 
symmetric part has to be a constant multiple of the identity. 

The [/-antisymmetric part has A = D = F = J = and B = -C, E = -H, G = -I. 
Therefore it looks like 



W 



( 





B 


-B 





\ 




B 


E 





G 






-B 





—E 


-G 




V 





G 


-G 





/ 
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Now we consider the Codazzi equation for the vectors ei,e 2 : 
= V ei (W(e 2 ))-V e2 (W(e 1 ))-W([e 1 ,e 2 }) 



f 



= V ei {-Be - Ee 2 - Ge 3 ) - V e2 (Be + Ee x + Ge 3 ) - W{-2±-e 3 ) 

= -((-£ei + Ee 3 - Ge 2 ) - {Be 2 + Ee 3 - Ge{) + 2{Ge x - Ge 2 )) 
r 

= f - {{-B + 3G)ei + (-B - 3G)e 2 ) 
which implies B = G = 0. Thus looks like 



/ \ 

£ 

—E 

V o o o o / 



The same procedure applied to the pair e±, e 3 leads to 

= V ei (W(e 3 ))-V e3 (W(e 1 ))-W([e 1 ,e 3 ]) 
= -EV esei - W(2r- 1 r 1 e 2 ) 
= E~ i e 2 +E2r- l f~ 1 e 2 

which implies E = as 7 = 2r~ 1 i f~ 1 — r -1 /. 

On the other hand, the [/-symmetric part has C = B, H = E,G = I, i.e. that 



W 



( A B B D \ 

B E F G 

B F E G 

V D G G J J 



J 



Now consider the Codazzi equation for the vectors e±,e 2 : 
= V ei (W(e 2 ))-V e2 (W( ei ))-W([ ei ,e 2 }) 

= V ei (Be + Fei + Ke 2 + Ge 3 ) - V e2 (5e + Ke x + Fe 2 + Ge 3 ) - W{-2 J -e 3 ) 

r 

= -{{Bex ~ Fe - Ke 3 + Ge 2 ) - {Be 2 + Ke 3 - Fe - Ge x ) + 2(^0 + Ge x + Ge 2 + Je 3 )) 
r 

= 2De + {B + 3G)ei + {-B + 3G)e 2 + (2 J - 2K)e 3 
which implies D = B = G = 0. Therefore W has necessarily the form 



W 



/AO \ 

K F 

F K 

\ OK/ 



But then the Codazzi equation applied to the vectors e±, e 3 reads 

= V ei {W{e 3 ))-V e3 {W{e 1 ))-W{[e 1 ,e 3 }) 

= KV ei e 3 - ifV e3 ei - FV e3 e 2 - 2 r - 1 f- 1 {Fe 1 + Ke 2 ) 
= F(- 7 -2r- 1 r 1 )e 1 
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which can never be satisfied unless F = as 7 = 2r / — r /. Thus W must have 
the form 

/AO \ 
K 

W := 

K 
V K ) 

Finally, we consider the vectors eo,ei and the vectors eo,e3. The Codazzi equation of 
the first pair is equivalent to the condition eo(K) = -(A — K), the Codazzi equation 
of the second pair is equivalent to e${K) = ^y(A — K). Combined this yields (- — 
"i){A — K) = 0, thus A = K and eo(K) = 0, thus we have shown that the [/-symmetric 
part is a constant multiple of the identity on EH which completes the proof of the 
first part of the Theorem. The second part is proven analogously: First we assume 
the existence of a nonzero homothetic vector field on EH, i.e. of a vector field V with 
V.V = c • 1. By integrating over 8 3 we show that all coefficients of V w.r.t. the 
left-invariant basis above cannot depend on the spherical variables but only on r. Thus 
V = Aeo + Be\ + Ce2 + De^ with A, B, C, D real functions depending only on r. Then 
we compute 

cei =V ei V = AV ei e + BV ei e x + CV ei e 2 + DV ei e 3 

and as only V ei eo is collinear to e±, we conclude that B = C = D = and c = ^A. But 
the same procedure for e% instead of e\ gives c = 7A Thus both equations together 
can be satisfied only for A = as 7 = 2r~ 1 /~ 1 — r -1 /. Thus there is no nonzero vector 
field V on EH with V.V = c ■ 1. Therefore Corollary 1 implies that on R x e k S EH 
there are no non-simple Codazzi tensors. □ 
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